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NOMENCLATURE 

concentration of the more volatile component; 
concentration difference between that at the free 

8, dynamic angle (see Figs. 2 and 3) ; 
e e, static angle (See Fig. 1). 

interface far from the leading edge and at the leading 
edge : _ 
acceleration of gravity ; 
thermal conductivity ; 
heat flux; 
boiling temperature; 
temperature difference between that at the free 
interface far from the leading edge of the rivulet 
and the wall; 
velocity component in the direction of the main 
now; 
mole fraction of the more volatile component; 
distance from the wall ; 
proportionality constant, a,--value of a for 6 = 0; 
volumetric flow rate per unit perimeter; 
critical value of Z ; 
film thickness ; 
film thickness far from the leading edge of a patch 
or rivulet ; 
viscosity of the liquid ; 
kinematic viscosity of the liquid; 
liquid density ; 
liquid-gas surface tension ; 
solid-gas surface tension ; 
liquid-solid surface tension ; 
shear stress ; 

INTRODUCTION 

THE PROBLEM of break-up of thin liquid films flowing along 
a surface has been examined in the literature from two 
different points of view. Some of the authors have given 
attention to the occurrence of a dry patch [l-3] and have 
established equations for the minimum flow-rate at which 
the surface is completely wetted. In this case the surface 
tension has an important part. Other authors have explained 
the occurrence df rivulets in conditions of heat or mass 
transfer by means of the Marangoni effect (surface tension 
gradient) [4-71 but have treated the problem in a qualitative 
manner. There exists a single paper [8] in which the 
Marangoni effect is taken into account in a quantitative 
manner but only for correcting the results obtained in 
connection with the stability of a dry patch. In the present 
paper both the stability of patches and that of rivulets will 
be examined. 

Experiment shows that, when a thin liquid film is flowing 
in isothermal conditions along a vertical wall, dry patches 
can form if the flow-rate is sufficiently small. A significant 
contribution concerning the analysis of stability of a dry 
patch is due to Hartley and Murgatroyd [1] and Murgatroyd 
[2]. The stability condition of a patch is obtained by 
equating the surface forces and upstream kinetic energy of the 
liquid. Using for the surface forces the expression ~(1 - cos 6) 
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they write 

For laminar motion there results 

(2) 

The minimum flow rate necessary for complete wetting of the 

surface may be calculated by using equation (2). The 

mentioned authors have also established an equation for r 

valid in turbulent conditions. Concerning the angle 0, it was 

considered [l-3] that it is the real angle which is formed 

when a dry patch occurs (Fig. 1) and that it is equal to the 

static one (angle formed when a drop is located on a 

horizontal surface of the same material). Equation (2) seems 
tb show that there exists a single flow-rate for which a 

patch is stable and that for a larger or smaller flow-rate the 

patches are unstable (a continuous film being formed for 

larger flow-rates and rivulets for smaller). The following 

internal contradiction of the above theory seems to exist’ 

the angle 0 has a finite value, equal to the static one, at the 

minimum wetting flow-rate and is zero immediately above 

this minimum. For this reason we have re-examined the 

problem of stability of a patch and arrived at the conclusion 

that the surface and dynamic forces must be expressed in a 

somewhat different manner than that used by Hartley and 

Murgatroyd. Equation (2) in which 0 is now the static angle 

is obtained for the minimum flow-rate. The dynamic angle 

corresponding to this minimum wetting flow-rate is however 

zero. and the patches are stable for all lower flow-rates (in 

these situations the dynamic angle is larger than zero but 

smaller than the static one). 

If the flow of the film is accompanied by heat or mass 

transfer, the phenomena observed experimentally are much 

more complex. They have been described by Bond and 

Donald [J], Zuiderweg and Harmens [S], Danckwerts 

et al. [6] and Ford and Missen [7]. Ford and Missen have 

introduced as a quantitative criterion the derivative doida. If 

da 
-~ < 0, the film is stable 
dd 

and if 

do 
~ > 0, the film is unstable. 
d6 (4) 

Indeed, in the first case, in the regions of small thickness the 

surface tension is larger and, consequently, owing to the 

Marangoni effect, the regions of smaller surface tensions 

(large thicknesses) are expanding and those of larger surface 
tension are contracting: the film is stable. If in the regions 

of small thickness the surface tension is smaller the film 
is unstable. For instance, when a pure substance is condensed 

the thin layers are colder (surface tension larger) and the 

ftlrn is stable; when it is evaporated, the thin layers are 

warmer (surface tension smaller) and the film is unstable. 

For a binary mixture which is condensing the sign of 

dT,;dd is positive (as for a pure component), however the 

sign of da,dT, depends upon the nature of the mixture and 

may be positive or negative. The film is unstable in the first 

case and stable in the second. The same criteria may explain 

the results obtained for distillation by Zuiderweg and 

Harmens, or for absorption by Bond and Donald. In 

distillation, thin spots become richer in the less volatile 

component, because, for a given rate of mass transfer, their 

change of composition is larger. Therefore for distillation 

dx,dd > 0. If dujdx < 0 the film is stable and if da,du > 0 

it is unstable. It will be shown that the Marangoni effect is 

not very important in the stability of patches but is very 

important in the stability of rivulets and the stability of 

rivulets will be analysed by means of an equilibrium 

condition between surface forces and those due to the 

Marangoni effect. The criteria obtained in this manner for 

the stability of thin flowing films are more complete than the 

qualitative ones mentioned above. 

The ~IoM. along (I vertical plate without heuc or~uiul IIUISS 
transfer 

Let us first consider a static drop as in Fig. 1. linder 

equilibrium conditions one gets the well known Young 

equation 

OS8 - rrlS - (r cos 8, = 0. (5) 

Equation (5) is a result of a thermodynamic treatment 

(the extremum of the free energy). This equation is however 

usually obtained by assuming that the surface tensions are 

forces per unit length acting along the corresponding 

interfaces and by writing an equilibrium between the 

components along the solid surface. The mentioned inter- 

pretation is useful, though it was clearly stressed by Gibbs 

[9] that the surface tension gas-solid cannot be regarded 

as expressing the tension of the surface. 

FIG. 1. Static equilibrium of surface tensions for a drop. 

For the dynamical conditions which exist when a thin 

liquid film is flowing along a solid surface the statical 

Young equation must be replaced by a dynamical one. 

There exists however no general procedure for writing such 
an equation so that an intuitive approach, based on the 

interpretation of the surface tensions as forces per unit 
length, will be used. Consequently an equilibrium condition 
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will be written at the leading edge of the patch (Fig. 2) by 
taking into account besides the usual surface tensions also 
the pressure excess arising in this stagnation point because 
of the conversion of the upstream kinetic energy into static 
pressure. For the average of this excess of pressure the 
expression 

6” 

PI - 
-+‘dy 
2 60 

II 

may be used. Considering a curvature radius proportional 
to 6,, one may write that the “excess of surface tension” due 
to this excess of pressure is proportional to 

da 
P 
2 s u*dy. 

II / 
so 

? 8 CT 

t ‘~ Stagnation point 

-Surface tension excess Dry 

7 
are0 

I%. 2. Dynamic equilibrium of forces for a patch. 

For the patch in Fig. 2 one may consider that it is stable if at 
the leading edge the surface forces are equal to the excess 
of surface tension due to the excess of pressure arising from 
the conversion of the upstream kinetic energy into static 
pressure. Hence, one may write* 

Pd 
u cos 19 + ols - usa = a - 

2 r 
u= dy (6) 

0 

where a may be a function of the dynamic angle 0. Eliminating 

* Equation (1) used by the other authors is based on a 
momentum-force analysis applied to a control volume and 
does not lead in the limiting case of no flow to equation (5). 
As was stressed above the quantities ulg, uls and u are 
thermodynamic quantities and equation (5) is a consequence 
of thermodynamic equilibrium. The above quantities are not 
forces acting per unit length, but the final result [equation 
(5)] can be interpreted as if the components along the solid 
surface (and only along the solid surface) of three forces 
are in equilibrium. The present intuitive procedure is based 
on the concept of forces, but takes into account the fact 
that in the limiting case of no flow equation (5) must be valid. 

usg - uls between equations (5) and (6) one obtains 

do 

u(cos B - cos 0,) = a; 
s 

u* dy. (7) 

0 

For laminar motion 

and since the flow-rate per unit perimeter is given by 

l- = Tudy, (9) 

one gets 

v * + 
J- = 1.69 - 

u(cos 8 - cos e,) 

O[ 4 l- pa (10) 
Equation (IO) differs from that of Hartley and Murgatroyd 
only by (cos 0 - cos 0,) which replaces (1 - cos 0) and by 
the occurrence of a = a(O). The new equation has, however, 
the following important physical consequences : 

(a) The dynamic angle f3 is smaller than the static one 8, ; 
(b) Stable patches occur for all dynamic angles in the 

range 0 < 0 < 0,, and not only for 0,; 
(c) There exists a limiting value of r, the minimum 

wetting flow rate r,. for which the film is continuous. 
In that case the dynamic angle 0 is zero. 

Consequently, stable patches exist if 

o<r<r, 

where t 
(11) 

and a,, = r(0) = const. 
A possible explanation for the smaller values obtained 

experimentally [2,3] may be linked to the fact that only 
situations with a dynamic angle differing from zero can be 
observed and the corresponding values obtained for the 
flow-rates are smaller than Tc. 

7beflow of a filn~ of liquid along a horizontal plate under the 
action of a co-current flow of gas without heat andior 
mass transfer 

Denoting by T,, the shear stress at the liquid-gas interface, 
one may write. for laminar motion,,that 

and that 

“=Y 
tl 

(13) 
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or 

s, = 
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Equation (7) leads in this case to 

047 
0 

p 4 &-* = a(cos 0 - cos e,). (15) 

The patches are stable for those values of the product 
rdr$ for which 

0 i 0 < 8,. 

The limiting value of the product @t is given by 

047 /J,r,n-f (TAT “), = u( 1 - cos (3,). (16) 

For values larger than this critical value the solid surface 
will be completely wetted. 

LSurface pressure due to the Marangani effect 

FIG. 3. Stability of a rivulet. 

Now a comment which will be useful in the following 
section: The equilibrium condition on which the above 
considerations are based was applied to the most critical 
point. However, the angle 0 will not be the same along the 
whole leading edge of the patch. For instance, parallel to 
the surface but in a direction normal to the direction of main 
flow, the angle 6 will be equal to the equilibrium angle B,, 
because the velocity component of the liquid in that direction 
is equal to zero (or in any case much smaller than that in the 
main direction of the flow). 

7he jlow of ~1 thin filnl accompanied by heat and/or mass 

transjer 
As discussed in the introduction, in these cases the effect 

of surface tension gradient (Marangoni effect) is very im- 
portant. The stability of a dry patch occurring in thin films 
flowing over heated surfaces was examined by Zuber and 
Staub [g] who have introduced in the Hartley and 
Murgatroyd equation a term which takes into account the 
effect of thermocapillarity. Their numerical evaluations have 
shown that the effect is of importance for liquid metals or for 
highly wetting liquids. However, numerous experiments in 
absorption, distillation, condensation of binary mixtures, 
and vaporization of a pure liquid or of a binary mixture have 
proved that the effect is much more important. In our 
opinion this is due to the fact that in these situations qnasi- 
parallel rivulets flowing along the wall are formed and in 

their stability the excess of pressure due to the conversion 
of kinetic energy is of secondary importance (because the 
velocity component in the plane of the surface but normal to 
the main direction of motion is small or zero). Only the 
competition between the surface wetting forces and those 
due to the Marangoni effect are of primary importance. 
In this manner even “small forces” become very active 
towards contributing to the rupture of the film. One may 
stress the fact that because the hydrodynamic forces do not 
play an important part the rivulets may appear at any flovv- 
rate and not only at small ones as for patches. 

Let us consider a liquid flowing non-isothermally along a 
vertical plate and let us analyze the stability of rivulets. 
The intuitive procedure based on the concept of forces 
suggests to write that a rivulet is stable if the surface pressure 
Au due to the Marangoni effect equals the resultant “surface 
forces” 

Uss - gls - g cos f? = ‘CTATcos O(rivulet stability) (17) 

where AT represents the temperature difference between 
the free interface in the region far from the leading edge of 
the rivulet and the wall. Since 

q= -$A, 
0 

(18) 

equation (17) may be written, if cr,, - ols is eliminated by 
using equation (5), in the form 

For pure liquids duidT i 0 and, consequently, if heat is 
added (q > 0; the liquid is evaporating) an angle 0 larger 
than 0, may form. Even for liquids which are completely 
wetting the solid surface a rivulet may be stable. If 4 i 0 
(condensation) an angle 0 smaller than f?, forms. Certainly 
this is not possible for a completely wetting liquid. In the 
last situation a rivulet is not stable. However for a partially 
wetting liquid a rivulet may or may not be stable depending 
on the number of rivulets and on their interaction. It is, 
however, reasonable to consider that the rivulets arising 
from the oscillations of the film will be, in the last case, most 
likely unstable. For a binary mixture, depending on the 
nature of the mixture, the sign of da/dT may be negative 
or positive and several possibilities exist. The possible 
situations are given in Table 1. 

Table 1. 

da,dT 4 0 

_ + (3 > 0, 
_ - e < eti 
+ + e < 6, 
+ - e > 0, 

~ 
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When mass transfer instead of heat transfer takes place, 
equation (17) must be replaced by 

da 
u~g-u,6-u~~~~=-Accos~, 

dc 
(20) 

where AC represents the difference in concentration between 
the free surface far from the leading edge and at the leading 
edge. 

ucosO,= u+$Ac cost’. 
( > 

(21) 

In the distillation of a binary mixture AC > 0 because thin 
spots become richer in the less volatile component. 
Consequently, 

0 > 8, for ‘2 > 0 

eie,forg<o (23) 

Though precise assertions concerning the stability of a 
group of rivulets resulting from the oscillations of the film 
cannot be made, it is clear that it is more likely that they 
would be stable when du;dc > O(0 > 0,) than in the 
opposite case. 

The equilibrium criteria, equations (17) and (20), may be 
written in the following more condensed form 

da 
urg - uts - uc0se = -a6,c0se, 

da 

or taking into account equation (S), in the form 

(24) 

Hence if ‘$ < 0 then 

e < 8. (26) 5. 

and if 
du 
- r 0 then 
da 

e > 8, (27) 

In the first situation [equation (26)] the film is stable for 
completely wetting liquids. For partially wetting liquids the 
dynamic wetting angle 0 is smaller than the static one and it is 
probable that the film would be stable. In the second 
situation [equation (27)] the probability of the rupture of the 
film is certainly much larger than in the first case. 

Compared to the criteria of Ford and Missen [equations 
(3) and (4)] the criteria established above take into account 
the wetting properties. 

6. 

7. 

8. 

9. 

CONCLUSIONS 

The stability of two situations, dry patches and rivulets, 

were examined for obtaining information concerning the 
break-up of thin liquid films. In the first case the hydro- 
dynamic conditions are of primary importance and it is the 
competition between the surface tensions on one hand and 
the excess of surface tension due to the conversion of the 
kinetic energy of the liquid into static pressure on the other 
hand which determines the stability of a patch. The second 
situation arises when the Marangoni effect is acting (i.e. 
when heat and/or mass transfer takes place). Only the 
competition between the surface tensions and the surface 
pressure due to the Marangoni effect is important for the 
stability of a rivulet. The first situation occurs at sufliciently 
small flow-rates, while the second, not being affected too 
much by hydrodynamic conditions, occurs at any flow-rate. 
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